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Introduction

The fundamental frequencies for typical beam configurations are given in Table 1. Higher
frequencies are given for selected configurations.

Table 1. Fundamental Bending Frequencies

Configuration Frequency (Hz)
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Table 1. Fundamental Bending Frequencies (continued)

Configuration Frequency (Hz)
fi=0 (rigid-body mode)
1]22373| |EL
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Free-Free

f3=2.757 fi

f4=15.404 f;

Fixed-Fixed

Same as free-free beam except there is no rigid-body
mode for the fixed-fixed beam.

Fixed - Pinned

1 [15.418] [EI
fi= — =
2n| 2 p

where
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is the length

is the modulus of elasticity

is the area moment of inertia

is the mass density (mass/length)

is the applied force

Note that the free-free and fixed-fixed have the same formula.

The derivations and examples are given in the appendices per Table 2.




Table 2. Table of Contents
Appendix Title Mass Solution
A Cantilever Beam I End ass. Beam mass 1s Approximate
negligible
B Cantilever Beam II Beam mass only Approximate
C Cantilever Beam III Both beam mass gnd the Approximate
end mass are significant

D Cantilever Beam IV Beam mass only Eigenvalue
Beam Simply-Supported at | Center mass. Beam mass .

E Both Ends I is negligible. Approximate
Beam Simply-Supported at .

F Both Ends II Beam mass only Eigenvalue
Beam Simply-Supported at . .

G Both Ends 11 Beam mass & point mass Approximate

H Free-Free Beam Beam mass only Eigenvalue
Steel Pipe example, Simply

I Supported and Fixed-Fixed | Beam mass only Approximate
Cases
Rocket Vehicle Example, .

J Free-free Beam Beam mass only Approximate

K Fixed-Fixed Beam Beam mass only Eigenvalue

L Fixed-Pinned Beam Beam mass only Eigenvalue

M Wavenumber and Phase i Eigenvalue
Speed

N Honeycomb Sandwich Beam mass only Eigenvalue
Beam

|
Reference

1. T. Irvine, Application of the Newton-Raphson Method to Vibration Problems,
Revision E, Vibrationdata, 2010.




APPENDIX A

Cantilever Beam I

Consider a mass mounted on the end of a cantilever beam. Assume that the end-mass is
much greater than the mass of the beam.

|

Figure A-1.

is the modulus of elasticity.
is the area moment of inertia.
is the length.

is gravity.

is the mass.
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The free-body diagram of the system is

. 4
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Figure A-2.

R is the reaction force.

MR is the reaction bending moment.
Apply Newton’s law for static equilibrium.

+7 Zforces:O (A-1)

R-mg=0 (A-2)



R=mg
At the left boundary,

Q + Zmoments =0

Mr-mgL=0

Mr=mgL

Now consider a segment of the beam, starting from the left boundary.
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Figure A-3.
V s the shear force.

M s the bending moment.
y is the deflection at position x.

Sum the moments at the right side of the segment.

C + Zmoments =0

The moment M and the deflection y are related by the equation

M = Ely”

(A-3)

(A-4)

(A-5)

(A-6)
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(A-8)

(A-9)

(A-10)



Ely” =MpR —Rx
Ely” = mgL —mgx

Ely"” = mg(L-x)

v =] 2L

Integrating,

Note that “a” is an integration constant.

Integrating again,

y(x) = [%}H% - {%]+ ax+b

A boundary condition at the left end is
y(0)=0 (zero displacement)
Thus
b=0
Another boundary condition is

y'(0)=0 (zero slope)

(A-11)
(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)



Applying the boundary condition to equation (A-16) yields,
a=0

The resulting deflection equation is
[me] [+ (¥
YO =5 M2 ) e

The deflection at the right end is

o)

3
L
y(L) = [—“;il ]

Recall Hooke’s law for a linear spring,
F=ky

F is the force.
k is the stifthess.

The stifthess is thus

k=F/y

The force at the end of the beam is mg. The stiffness at the end of the beam is

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)

(A-25)

(A-26)

(A-27)



The formula for the natural frequency fn of a single-degree-of-freedom system is

fn=L E (A-28)
2n V' m

The mass term m is simply the mass at the end of the beam. The natural frequency of the
cantilever beam with the end-mass is found by substituting equation (A-27) into (A-28).

1 |3EI

fh=— |——
2 mL3

(A-29)



APPENDIX B

Cantilever Beam 11

Consider a cantilever beam with mass per length p. Assume that the beam has a uniform
cross section. Determine the natural frequency. Also find the effective mass, where the

distributed mass is represented by a discrete, end-mass.
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Figure B-1.

The governing differential equation is

64y 82y

—El— =p—=
oxt a2

The boundary conditions at the fixed end x = 0 are

y(0)=0 (zero displacement)
d

i =0 (zero slope)
dx x=0

The boundary conditions at the free end x = L are

2
d
—; =0 (zero bending moment)
dx
x=L

d3y

—3 =0 (zero shear force)

dx

x=L

Propose a quarter cosine wave solution.

(B-1)

(B-2)

(B-3)

(B-4)

(B-5)



(B-6)

(B-7)

(B-8)

(B-9)

The proposed solution meets all of the boundary conditions expect for the zero shear
force at the right end. The proposed solution is accepted as an approximate solution for

the deflection shape, despite one deficiency.

The Rayleigh method is used to find the natural frequency. The total potential energy

and the total kinetic energy must be determined.

The total potential energy P in the beam is

7 )2

El (L|d%y

P=— — | dx
2790 | gx2

By substitution,

-2t (2] (2]
=22 (2
Bl T vl
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(B-10)

(B-11)

(B-12)

(B-13)
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The total kinetic energy T is

0

= _P wn_[ [y]zdx

Ly () (o]
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(B-14)

(B-15)

(B-16)

(B-17)

(B-18)

(B-19)

(B-20)

(B-21)

(B-22)

(B-23)

(B-24)



= oodloles-()

Now equate the potential and the kinetic energy terms.

spodboPt[s- (3] o o

- 1/2
L

L2
5]
NS P

L2
A5
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(B-25)

(B-26)

(B-27)

(B-28)

(B-29)

(B-30)

(B-31)
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Recall that the stiffness at the free of the cantilever beam is
k = 3EI/L3?
The effective mass meff at the end of the beam is thus

ek
T ]

3EI

s F

3EI
Meff = 3

L—{13.425} {EI}

4 P

Meff =

meff = 0.2235pL
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(B-33)

(B-34)

(B-35)

(B-36)

(B-37)

(B-38)



APPENDIX C

Cantilever Beam 111

Consider a cantilever beam where both the beam mass and the end-mass are significant.
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Figure C-1.

The total mass m¢ can be calculated using equation (B-38).
m¢ = 02235pL + m (C-1)
Again, the stiffness at the free of the cantilever beam is

k = 3EI/L3 (C-2)

The natural frequency is thus

1 EI
fn~ — 3 3 (C-3)
21\ (02235pL+m )L
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APPENDIX D

Cantilever Beam IV

This is a repeat of part II except that an exact solution is found for the differential

equation. The differential equation itself is only an approximation of reality, however.

EL p

NN\

Figure D-1.

The governing differential equation is

84y 62y
Ox ot

Note that this equation neglects shear deformation and rotary inertia.

Separate the dependent variable.

y(x, ) = Y(X)T(t)

. AMyTm] YT
8x4 8‘[2

a4 42
_EI T(t) d—4Y(x) =p Y(x){—5 T(t)

X dt
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(D-1)

(D-2)

(D-3)

(D-4)



p Yx) T

? vt 1L
=2 v(x i
{— EI} dax? dt2
Let ¢ be a constant

44 d2
v STt
{—EI} ot |a? ()} 5

p | Yo T T C

Separate the time variable.

< o
la® ) 5

Ty

42
2
5 T(1)+¢” T(1) = 0
dt

Separate the spatial variable.

P
—Y(x)
{—EI} dx? 5

p | Y T°

4

4 2] P vy =
o Y(x)—c {EI}Y(X) =0

A solution for equation (D-10) is

Y(x)=aj sinh(Bx) +ay cosh(Bx) +aj3 sin(Bx) +ay cos(BX)

16
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(D-6)

(D-7)

(D-8)
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(D-11)



‘“Sfi" = a1B cosh(Bx) + P sinh(px) + a3p cos(px) ~ a4Psin(px) (D-12)

2
- Y2(X) ~ajp? sinh(Bx) + ap? cosh(px) - a3p” sin(Bx) - a4 cos(Bx)  (D-13)

dx

3
d Y_?EX) _ alB3 cosh(BX) + 32[33 sinh(Bx) - a3[33 cos(Bx) + a4B3 sin(Bx) (D-14)

dx

4
dYe) _ a1 B*sinh(Bx) + a,B*cosh(Bx) + azB*sin(Bx) + asB*cos(px) ~ (D-15)

dx*

Substitute (D-15) and (D-11) into (D-10).

{a1[34 sinh(Bx) + a2B4 cosh(Bx) + a3B4 sin(Bx) + a4B4 cos(Bx)}

—c? {i}{al sinh(Bx) +aj cosh(Bx) +aj3 sin(Bx) +ay cos(Bx)} =0

EI

(D-16)

B4 {al sinh(BX) +an cosh(BX) +ajg sin(Bx) +ay cos(Bx)}

_ 2 {%}{al sinh(Bx) +ay cosh(Bx) +a3 sin(Bx) +ay cos(Bx)} =0

(D-17)

The equation is satisfied if

4 _2)P
BT =c {EI} (D-18)

1/4
Bz{ 2 p} (D-19)

L
EI

17



The boundary conditions at the fixed end x = 0 are

Y(0)=0 (zero displacement)
dY

— =0 (zero slope)
dx x=0

The boundary conditions at the free end x = L are

d’y .
5 =0 (zero bending moment)

dx

x=L
a3y

=0 (zero shear force)

dx3

x=L

Apply equation (D-20) to (D-11).

aj) +aq =0
aq =-aj

Apply equation (D-21) to (D-12).
aj+a3z3=0
az =—4a]

Apply equation (D-22) to (D-13).

al sinh(BL) +ap cosh(BL) —aj sin(BL) —aq cos(BL) =0

Apply equation (D-23) to (D-14).

aj cosh(BL) +ajn sinh(BL) —ajy cos(BL) +ay sin(BL) =0

Apply (D-25) and (D-27) to (D-28).

aj sinh(BL) +ay cosh(BL) +aj sin(BL) +an COS(BL) =0

18

(D-20)

(D-21)

(D-22)

(D-23)

(D-24)

(D-25)

(D-26)

(D-27)

(D-28)

(D-29)

(D-30)



aj {sin(BL) + sinh(BL)} +an {cos(BL) + cosh(BL)} =0 (D-31)
Apply (D-25) and (D-27) to (D-29).
aj cosh([}L) +ajn sinh(BL) +aj cos(BL) -ay sin(BL) =0 (D-32)

aj {cos(BL) + cosh(BL)} +an {— sin(BL) + sinh(ﬁL)} =0 (D-33)

Form (D-31) and (D-33) into a matrix format.

sin(BL) +sinh(BL) ~ cos(BL) + cosh(BL) ]{al ] H
_ (D-34)

cos(BL) + cosh(BL) — sin(BL) + sinh(BL) an 0

By inspection, equation (D-34) can only be satisfied if aj = 0 and a2 = 0. Set the
determinant to zero in order to obtain a nontrivial solution.

{— sin2 (BL) + sinh2 (BL)} — {cos(BL) + cosh(BL)}2 =0 (D-35)

{— sinZ(BL) + sinh? (BL)} - {cos2 (BL) +2 cos(BL) cosh(BL) + cosh BL)} =0

(D-36)
—sin? (L) + sinh?(BL) — cos?(BL) — 2 cos( BL) cosh(BL) — cosh? (BL) = 0

(D-37)

—2—2cos(BL) cosh(pL) = 0 (D-38)

1+ cos| BL) cosh(BL) = 0 (D-39)

cos( BL) cosh(BL) = -1 (D-40)

There are multiple roots which satisfy equation (D-40). Thus, a subscript should be added
as shown in equation (D-41).

19



cos(BnL) cosh(BnL) =-1 (D-41)

The subscript is an integer index. The roots can be determined through a combination of
graphing and numerical methods. The Newton-Rhapson method is an example of an
appropriate numerical method. The roots of equation (D-41) are summarized in Table D-
1, as taken from Reference 1.

Table D-1. Roots
Index BnL
n=1 1.87510
n=2 4.69409
n>3 (2n-1)m/2

Note: the root value formula for n > 3 is approximate.

Rearrange equation (D-19) as follows

Substitute (D-42) into (D-8).

2

d 4[ EI
—2T(t)+ Bn*l — | |T(t)=0 (D-43)
dt p

Equation (D-43) is satisfied by

T(t) = by sin[[[}nz \/%J t} +b> cosﬁﬁnz %] t:l (D-44)

20



The natural frequency term op is thus

El
Oy = an — (D-45)
p
Substitute the value for the fundamental frequency from Table D-1.
B [1.87510}2 El (D46)
0] = T 5

f :%{3.51256} [EL D47
LI S

Substitute the value for the second root from Table D-1.

2
0y = {4.692409} [EI (D-48)
L P
g = 1 [22034 [EL (D49)
2 12 Ve

fr =6.268 f] (D-50)

Compare equation (D-47) with the approximate equation (B-33).

SDOF Model Approximation

The effective mass meff at the end of the beam for the fundamental mode is thus

k

—_— (D-51)
[27‘c fn]2

Meff =

21



3EI

Meff = 2
3 1 | 35156 | [EI
L°2n — | — L —
2n ) 12 p
3EI
Meff = 3
L EI
4{12.3596}{}
L p
meff = 0.2427pL (SDOF Approximation)
Eigenvalues
n By L
1 1.875104
2 4.69409
3 7.85476
4 10.99554
5 (2n-1)m/2

Note that the root value formula for n > 5 is approximate.

Normalized Eigenvectors

Mass normalize the eigenvectors as follows

L
IO pYnz(x) dx =1

22

(D-52)

(D-53)

(D-54)

(D-55)



The calculation steps are omitted for brevity. The resulting normalized eigenvectors are

4109 = | fos)-cosl- 02810 i) -sipus] ) 050
JoL
Yo (x)= {L} [cosh(Bx)—cos(Brx)]—1.01847[sinh(B,x)—sin(B,x)] } (D-57)
JpL
a0~ { L o) <ol 09992l -sipa]} @5
Y4(x) = {L} {[cosh(B4x)—cos(B4x)]-1.00003[sinh(B4x)-sin(B4x)]}  (D-59)
JpL
The normalized mode shapes can be represented as
1
Y; (x) =1 ——= ({[cosh(B; x) —cos(B; x)| - D [sinh (B;x)—sin(B;x)] } (D-60)
{Jp_L }
where
o cos(B;L)+ cosh(B;L) ]
Pi sin(B;L)+sinh (B; L) (eb
Participation Factors
The participation factors for constant mass density are
(D-62)

L
I, = p_[o Y, (x)dx

23



The participation factors from a numerical calculation are

I =0.7830,/pL
I, =0.4339,/pL
I3 =0.2544,/pL
I, =0.1818,/pL

The participation factors are non-dimensional.

Effective Modal Mass

The effective modal mass is

L 2
[ .[0 pY, (x)dx}

[} p[Ya (0P dx

meif,n_

The eigenvectors are already normalized such that

[ oY P dx =1

Thus,

2
0 L
Meg 5 = [Fn] = l: jO pY, (X)dX:|
The effective modal mass values are obtained numerically.

mefr, 1 =0.6131pL
mefr 9 =0.1883 pL
mefr 3 =0.06474pL

Mefr, 4 =0.03306pL

24
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(D-64)
(D-65)

(D-66)

(D-67)

(D-68)

(D-69)

(D-70)
(D-71)
(D-72)

(D-73)



Wave Speed

The bending phase speed ¢, is

EI
Co=PBp.—
p n p
Table D-3. Cantilever Beam Bending Phase Speed
n B L Cp
1 1.875104 @JEI/L)
2 4.69409 4'6i409 ,/ El/p
3 7.85476 785476 El/p
4 10.99554 %«/ El/p
n>5 (2n-1)m/2 (2n-1)m/2 El/p

Note: the root value formula for n > 5 is approximate.

25
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APPENDIX E

Beam Simply-Supported at Both Ends [

Consider a simply-supported beam with a discrete mass located at the middle. Assume

that the mass of the beam itself is negligible.
[

l g
7
< :i: L1 —

L

Elm
N

Figure E-1.

The free-body diagram of the system is

)

Ra g

Figure E-2.

Apply Newton’s law for static equilibrium.

+7T Z forces =0
Ra+Rb-mg=0
Ra=mg-Rb
At the left boundary,

26
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(E-1)
(E-2)
(E-3)



C + Zmoments =0 (E-4)

RbL-mgLi=0 (E-5)
Rb=mg(L1/L) (E-6a)
Rb=(1/2) mg (E-6Db)

Substitute equation (E-6) into (E-3).

Ra=mg— (1/2)mg (E-7)
Ra=(1/2)mg (E-8)
< X >
M y
o 1
M
Ra mg
Sum the moments at the right side of the segment.
C + Zmoments =0 (E-9)
-Rax+mg<x-L1>-M =0 (E-10)

27



Note that < x-L;> denotes a step function as follows

0, forx <Ly
<x-L1>=
x—Lp, forx 2L

M = - Rz x + mg <x-L1 >

M = -(1/2)mg x + mg <x-L1 >

M=[-(12)x+<x-L1>][mg]
Ely"=[-(1/2) x+<x-L1>][mg ]
"_r1_ _ g
y'=[-(1/2) x +<x L1>]{EI}

, )
=[-—x +a
y' =[ 2

+1<X—L1>2]%
2 | EI |

= | &

12 6

y(x):[-Lx3+l<x-L1>3} +ax+b

The boundary condition at the left side is

y(0)=0

This requires

Thus

1 3 1 3 mg
=|-—x"+—=<x-L1> | = |+a
y(x) [ux g <xh }[EJ X

The boundary condition on the right side is

y(L)=0

28

(E-11)

(E-12)

(E-13)

(E-14)

(E-15)

(E-16)

(E-17)

(E-18)

(E-19a)

(E-19b)

(E-20)

(E-21)



f3eTE
feTy

Now substitute the constant into the displacement function

y(x) = {—é)ﬁ + é <x-L4 >3}[%:|+|:LL2:_%:|[X]

y(x) = -ix3 +LXL2 +l<x-L1 >3 |
12 16 6 El

The displacement at the center is

(8|l el [

29

(E-22)

(E-23)

(E-24)

(E-25)

(E-26)

(E-27)

(E-28)

(E-29)

(E-30)

(E-31)



_ I 3_
y Ly_j. .t 1 )mgl (E-32)
2)7 796 32| EI
LY [ 1 3_—mgL3_
J L 2| L 3 | mel” (E-33)
2)7| 79 "96] EI
LY _[ 2] met?] 3
N2)7 96| EI
L) _[ 1] met| (E-35)
N2)7 48] Ei

F=ky (E-36)

F is the force.
k is the stiffness.

The stiffness is thus

k=F/y (E-37)

The force at the center of the beam is mg. The stiffness at the center of the beam is

k=) M8 _ (E-38)
mgL3
48EI
| _ 48EI (E-39)
L3

The formula for the natural frequency fn of a single-degree-of-freedom system is

30



The mass term m is simply the mass at the center of the beam.

( 1 j 48 El
fn=| — /—
ZTE mL3

fn = (ij(6.928) B

2% mL3

31

(E-40)

(E-41)

(E-42)



APPENDIX F

Beam Simply-Supported at Both Ends 11

Consider a simply-supported beam as shown in Figure F-1.

ELp

Figure F-1.

Recall that the governing differential equation is

84y 82y
Ox ot

The spatial solution from section D is

Y(x)=aj sinh(BX) +an cosh(Bx) +aj3 sin(Bx) +ay cos(BX)

2
400 _ 52 sin(px) 2292 cos(x) 352 inpx) - 45 cos{p

dx

The boundary conditions at the left end x = 0 are

Y(0)=0 (zero displacement)

d?y ,

— =0 (zero bending moment)
dx” |, _,

32

(F-1)

(F-2)

(F-3)

(F-4)

(F-5)



The boundary conditions at the right end x =L are

Y(L)=0 (zero displacement)
d’y .

5 =0 (zero bending moment)
dx <=L

Apply boundary condition (F-4) to (F-2).
ar +ay = 0

a4 2—32

Apply boundary condition (F-5) to (F-3).
dy) —ay = 0
a3 =24

Equations (F-8) and (F-10) can only be satisfied if

ar = 0
and

a4 = 0
The spatial equations thus simplify to

Y(x)=aj sinh(Bx) +aj3 sin(Bx)

2
% = alﬁz sinh(Bx) - a332 sin(Bx)

Apply boundary condition (F-6) to (F-14).

aj sinh(BL) +a3 sin(BL) =0

33

(F-6)

(F-7)

(F-8)

(F-9)

(F-10)

(F-11)

(F-12)

(F-13)

(F-14)

(F-15)

(F-16)



Apply boundary condition (F-7) to (F-15).
2 . 2 . B
a1p smh(BL) —aj3p sm(BL) =0 (F-17)

a1 sinh(BL) a3 sin(BL) = 0 (F-18)

sinh( BL) sin( BL) aj 0

= (F-19)
sinh(BL) ~ —sin(L) [ a3 | |0
By inspection, equation (F-19) can only be satisfied if a1 = 0 and a3 = 0. Set the
determinant to zero in order to obtain a nontrivial solution.
—sin(BL)sinh(BL) - sin(BL)sinh(BL) = 0 (F-20)
—2sin(BL)sinh(BL) = 0 (F-21)
sin(BL)sinh(BL) = 0 (F-22)
Equation (F-22) is satisfied if
BpyL=nn, n=123,... (F-23)
Bn:“{, n=1273,... (F-24)

The natural frequency term on is

o = an\/% (F-25)

nn > [EI
O, = T F’ n=12,3,... (F-26)
f —[i}[n—nr Bnoi23 F-27
=5l p,n—,,,... (F-27)
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£ —{i}{n—nf B o123 F-28)
n=|5- , n=12,3,... (F-

SDOF Approximation

Now calculate effective mass at the center of the beam for the fundamental frequency.

_FT El F-29
O =T o (F-29)

Recall the natural frequency equation for a single-degree-of-freedom system.

k

Recall the beam stiffness at the center from equation (E-39).

_ 48El

k——3 (F-31)
L

Substitute equation (F-31) into (F-30).

48El
mL

Substitute (F-32) into (F-29).

48151_{5}2 El 33
Vmr3 LLI \p

48El [n]* EI (34
mL3 L

48 _[x]t1 (F-35)
mL3 Ll p

1| (F-36)
m | 48pL )
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The effective mass at the center of the beam for the first mode is

_ 48pL

4

m (SDOF Approximation) (F-37)

Normalized Figenvectors

The eigenvector and its second derivative at this point are

Y(x)=aj sinh(Bx) +aj sin(BX) (F-38)

d2Y(x) 2 . 2 .

2 =a1B~ sinh(Bx)—a3p~ sin(Px) (F-39)
X

The eigenvector derivation requires some creativity. Recall

Y(L)=0 (zero displacement) (F-40)
4>y .
5 =0 (zero bending moment) (F-41)
dx
x=L
Thus,
d’y
5 +Y=0 forx=L and PB,L=nmn n=1,23,.. (F-42)
dx

[1-(“-5}2} a| smh(nn)+[1—[n—£r}2}a3 sin(nm)=0 ,n=1,2,3, ...

(F-43)
The sin(nm) term is always zero. Thus a1 =0.
The eigenvector for all n modes is
Y, (x) = ap sin(nmx /L) (F-44)
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Mass normalize the eigenvectors as follows

L
Io pY, 2 (x)dx =1

pan2I§Sm2 (nnx/L)dx =1

2
pan L _
TIO [l—cos(2n7cx/L)]—1
o) L
Pan_ ) 1 sin(2nnx/L)} -1
2 2B, 0
panzL_l
2
2 2
an =p_L
2
an = p_L
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(F-45)

(F-46)

(F-47)

(F-48)

(F-49)

(F-50)

(F-51)

(F-52)



Participation Factors

The participation factors for constant mass density are

L
In =p|, Yn(x)dx

L |2 .
Fnzpjo p—Lsm(m‘cX/L)dX

2p¢L .
I, = TJ.O sm(nnx/L)dX
__|2p| L L
Fn =— T |:n—TE:|COS(nTCX/L)|O

I, =—.2pL [L}[cos(nn)—l] n=1,2,3, ...

nmw

Effective Modal Mass

The effective modal mass is

UOL oY, (x)de

[ P OF dx

meif,n -

The eigenvectors are already normalized such that

[ p[Y,oF dx=1
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(F-53)

(F-53)

(F-54)

(F-55)

(F-56)

(F-57)

(F-58)



Thus,

2
e =[F =| [ P Yo (00x] (F-59)
1 2
Meff p = {— \J2pL [n_n} [cos(nn)— 1]} (F-60)
meff n =2pL ! 3 [cos(nn)—l]2 ,n=1,2,3, ... (F-61)
nmw

The bending phase speed ¢, is

Cp = Bn\/E = M\/Ea n:192939"' (F-62)
pLY\p
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Beam Simp

APPENDIX G

ly-Supported at Both Ends II1

Consider a simply-supported beam with a discrete mass located along the interior length.

X1 'l

Figure G-1.

Displacement function for pinned-pinned beam, fundamental mode.

165) = yesin ()
& = Yo (D) cos(T)

5= o) sn(®)

Q|

The total potential energy P in the beam is

B L (doy)
— ki ay
P= 270 (dxz) dx

P=5h (- (D) (D)) o

40

(G-1)

(G-2)

(G-3)

(G-4)

(G-5)



=20 (@] 5 (sn() o =

ELL (] (b 22 2 gos (22
o @] o B-zeos (5] ax (G-7)
P= % :yo (%)2 2 fOL [1 — cos (Z—EX)] dx (G-8)
Bl m2] L )
P="%@) | [x-G)sin (DI, (G-9)
P= %[y (%)2]2 (G-10)
=¥, TLE; (G-11)

Let m be the point mass at position X, referenced from the left end.
Let p be the beam mass/length.

The total kinetic energy T in the beam is

T =50 {myG)P + pJy )% dx] (G-12)
v=tod fm () el pun@) ] o] @
r=todvefn (@) el @) @
r=dot v {m () [ ol d- (@) o @19
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T =%a)n2 yoz{m [sin(%) ]2 +
T =% w2 yoz{m [sin(%) ]2 +

T =% w2 yoz{m [sin(%) ]2 +

Now equate the potential and the kinetic energy terms per the Rayleigh method.

1 2 2 . T X1
2 @n” Yo {m [sin (73

5t [1eos ()] )

AR CS]

2

x)]Z_I_ pL }=y02 it EI

42

(G-16)

(G-17)

(G-18)

(G-19)

(G-20)

(G-21)

(G-22)

(G-23)

(G-

24)

(G-

25)



For the special case of the point mass at the center of the beam, x; = L/2.

W = T2 Eo_ 1 (G-26)
n 3 (2m+pl)
i EI 1
=3 \/ T Gmiol) (G-27)
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APPENDIX H

Free-Free Beam

Consider a uniform beam with free-free boundary conditions.

EL p
| |

. 4

Figure H-1.

The governing differential equation is

Note that this equation neglects shear deformation and rotary inertia.

The following equation is obtain using the method in Appendix D

4

d 2{
_Y _
dx4 () -e

P

E&wm:o

The proposed solution is

Y(x)=aj sinh(BX) +an cosh(BX) +aj3 sin(BX) +aq cos(BX)

dY(x)

x - aif cosh(Bx) +anP sinh(Bx) +a3p cos(Bx) —ayfP sin(Bx)

42 Y(x)

dx

44

5 = a1[32 sinh(Bx) + a2B2 cosh(Bx) - a3B2 sin([.’)x) - a4[52 cos(Bx)

(H-1)

(H-2)

(H-3)

(H-4)

(H-5)



BY )

3 - a1[33 cosh(Bx)+ 3233 sinh(Bx)— a3B3 cos(Bx)+ 214[33 sin(Bx) (H-6)
dx
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Apply the boundary conditions.

a2y
dx2

=0 (zero bending moment)

x=0

ap —ayg =0

aq=ajn

a3y

3 =0 (zero shear force)
dx

x=0

aj—a3 =0

a3 =aj

2
: dY§X) = 3152 [sinh(Bx) - sin(Bx)]+ azﬁz [cosh(Bx)— cos(Bx)]
X
3
dLgx) = a1[33[cosh(Bx)— cos(Bx)]+ a2B3 [sinh(Bx)+ sin(Bx)]
dx

a2y

2
dx w=L

=0 (zero bending moment)

46

(H-7)

(H-8)

(H-9)

(H-10)

(H-11)

(H-12)

(H-13)

(H-14)

(H-15)



aq[sinh(BL)—sin(BL)]+ a5 [cosh(BL)— cos(BL)] =0 (H-16)

a3y
3 =0 (zero shear force) (H-17)
dx <=L
aj[cosh(BL)— cos(BL)|+ ap[sinh(BL)+ sin(BL)] = 0 (H-18)

Equation (H-16) and (H-18) can be arranged in matrix form.

sinh(BL)-sin(BL) cosh(BL)—cos(BL)][ a; 0
= (H-19)

cosh(BL)—cos(BL) sinh(BL)+sin(BL) ||ap | |0

Set the determinant equal to zero.

[sinh(BL) - sin(BL)[sinh(BL) + sin(BL)] - [cosBL) - cosBL)P =0 (H-20)
sinh?(BL)—sin2(BL)— cosh?(BL) + 2cosh{BL)cos(BL)— cos? (BL) = 0 (H-21)
+2cosh(BL)cos(BL) -2 =0 (H-22)
cosh(BL)cos(BL)-1=0 (H-23)

The roots can be found via the Newton-Raphson method, Reference 1.

The free-free beam has a rigid-body mode with a frequency of zero, corresponding to
BL =0.
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The second root is

BL =4.73004

EI
Op = an F

{4.73004}2 EI
W=

L Ve

{22.373} [EI
o= D —
L p
The third root is

BL =7.85320

2 |EI
® =By 1/_
p

{7.85320}2 EI
()] 3=

L p
{61.673} [EI
CO3= > —_—
L p
®3=2757 ® o

The fourth root is

BL =10.9956

48

(H-24)

(H-25)

(H-26)

(H-27)

(H-28)

(H-29)

(H-30)

(H-31)

(H-32)

(H-33)



wnzsnzg (H-34)

2
0 4= [10.3956} EI (H35)

p

04 {120.2903} EI (E36)
L P

® 4=5404 - (H-37)

Eigenvalues

n ByL

1 0
4.73004
7.85320
10.9956

AW DN

Bann{n—%} forn>5 (H-38)

The following mode shape and coefficient derivation applies only to the elastic modes
where BL > 0.

Equation (H-18) can be expressed as

[ ~cosh(BL)+cos(BL) ]
2= al{ sinh(BL)+ sin(BL) } (H-39)
Recall
a4 =ap (H-40)
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a3 =a H-41
3=a]

The displacement mode shape is thus

Y (x) = aj[sinh(Bx)+ sin(Bx )]+ an[cosh(Px )+ cos(Bx )] (H-42)

Y(x)=a, {[sinh(Bx)+ sin(Bx)]+ [‘Q’Et‘é%l Z;C)(E(ili)}[cosl(ﬁx)+ cos(ﬁx)]} (H-43)

Modify the mode shapes as follows.

y(o =4 {[smh<sx>+smmx)]{“"’“‘“”°°S<BL)}[cosme>+cos<sx>]}

[oL sinh(BL)+sin(BL)
(H-44)
Normalize the eigenvectors with respect to mass.
L 2
[, PlYa (P dx =1 (H-45)

The eigenvectors are mass-normalized for a;=1.

Thus

Y(x)=

1 . . —cosh(BL)+cos(BL)
\/p_L {[smh([_’)x) + sm(Bx)] + { sinh(BL)Jr sin(BL) }[cosh(ﬁx) + cos([.’)x)]}

(H-46)
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The first derivative is

SR B WVSTATN EEL AT S

dx JpL sinh(BL)+sin(BL)

(H-47)

The second derivative is

dy _ ﬁ{ [sinh(Bx)—sin(Bx )]+ {_ coslpl) COS(BL)} leost(px)- COS(BX)]}

dx? pL sinh(BL)+sin(BL)
(H-48)
The participation factors for constant mass density are
L
T, =p jo Y, (x)dx (H-49)
The participation factors are calculated numerically.
As a result of the rigid-body mode,
[h=0 forn>1 (H-50)
Wave Speed
The bending phase speed ¢ is
El
= Pay| (H-51)

51



Table H-3. Free-Free Beam Bending Phase Speed

n BnL Cp

1 0 0

2 4.73004 4'7i004 JEUp

3 7.85320 7'85L320\/T/p

4 10.9956 10'9556 JEI/p
n>5 n{n—%} E[n—%} El/p

Note: the root value formula for n > 5 is approximate.
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APPENDIX I

Pipe Example

Consider a steel pipe with an outer diameter of 2.2 inches and a wall thickness of 0.60
inches. The length is 20 feet. Find the natural frequency for two boundary condition
cases: simply-supported and fixed-fixed.

The area moment of inertia is

1:6—Z[D04—Di4] (-1)
D, =2.2in (1-2)
D; =22-2(0.6) in (1-3)
D;=22-12 i (I-4)
D;=10 in (1-5)
1= 6—’;[2.24 —1.04] in4 (1-6)
1=1.101 n* (I-7)

The elastic modulus is

E =30 (106) % (I-8)

m

The mass density is

p =mass per unit length. (1-9)
lbm || 2 21.. 2
p=|0.282 — 7 2.2° —1.0” [in (I-10)
in 4
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0=0850 -2
in
2 .
30(106) bf g 4 | Lslusft/sec” |(12in
El in? 1 Ibf 1 ft
p B Ibm | 1slug

B 1205 (105) 0
p S

€C

2

0.850

in

|

32.2 Ibm

The natural frequency for the simply-supported case is

H

fy =

=5
1=~ || = 7. <.~
27 (20ft)[lfm

3

nn]? [EI
L p

f, =334 Hz

T

>

n=12,3,...

1.225(105)

in2

S€C

(simply-supported)

The natural frequency for the fixed-fixed case is

.

1
27

|

22.37

L2

B

54

|

(1-11)

(1-12)

(1-13)

(I-14)

(I-15)

(1-16)

(1-17)



22.37

fi= 7.58Hz

(20f) 1210
1ft

I

(fixed-fixed)

1.225(1 05)
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S€C

(1-18)

(1-19)



APPENDIXJ

Suborbital Rocket Vehicle

Consider a rocket vehicle with the following properties.
mass = 14078.9 Ibm (at time = 0 sec)
L =372.0 inches.

14078 .9 Ibm
P 372 .0 inches

o = 37.847 10M

m

The average stiffness is

EI = 63034 (10%) Ibf in"2

The vehicle behaves as a free-free beam in flight. Thus

i = L{ﬁ} El J-1)

2 .
[63034e+ 06 Ibf in2]!slugft/sec ]{12m}{32.2 lbm}

. 1 2237 Ibf ft slugs
' 2n| 3721 )2 Ibm
n 37.847 ——
in
(J-2)
fi = 20.64 Hz (at time = 0 sec) J-3)

Note that the fundamental frequency decreases in flight as the vehicle expels propellant
mass.
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APPENDIX K

Fixed-Fixed Beam

Consider a fixed-fixed beam with a uniform mass density and a uniform cross-section.

The governing differential equation is

84y 82y
Ox ot

The spatial equation is

o _2)p B
QY(X) C {EI}Y(X)—O

The boundary conditions for the fixed-fixed beam are:

Y(0)=0

dY(x)
dx

=0
x=0

Y(L)=0

dY(x)
dx

=0

The eigenvector has the form

Y(x)=a1 sinh(BX) +an cosh(Bx) +aj3 sin(Bx) +ay cos(BX)

dY(x)
dx

57

=alf cosh(Bx) +anp sinh(Bx) +a3f cos(Bx) —ayp sin(Bx)

(K-1)

(K-2)

(K-3)

(K-4)

(K-5)

(K-6)

(K-7)

(K-8)



2
T < agp? sinh(px) +a2p cosh(px) ~a3p? sin(px) a4 cos(px)

dx
Y(0)=0
ar>+ag=0

dY(x)
dx |x—q

=0

ajp+azp=0
a] taz3 =0

Y (x) = aj[sinh(Bx ) - sin(Bx )]+ a5 [cosh(Bx) - cos(Bx )]

YD _ fcostlpn) - cos) azplimn () s ]

Y(L)=0

aj[sinh(BL)—sin(BL)]+a,[cosh(BL) - cos(BL)] = 0

dY(x)
dx x=L

=0

a1B[cosh(BL)— cos(BL)]+a,p[sinh(BL)+ sin(BL)] = 0

58

(K-9)

(K-10)
(K-11)

(K-12)

(K-13)

(K-14)
(K-15)

(K-16)

(K-17)

(K-18)

(K-19)

(K-20)

(K-21)

(K-22)



aj[cosh(BL)—cos(BL )]+ a5 [sinh(BL)+ sin(BL)] = 0 (K-23)

e ] e

g e A
[sinh(BL)— sin(BL)] [sinh(BL)+ sin(BL)] ~ [cosHBL) - cos(BL)}* = 0 (K-26)
sinh? (BL)—sin* (L) - cosh* (BL)-+ 2cos(BL)cosh(L) - cos® (BL) = 0 (K-27)
2cos(BL)cosh(BL)-2 =0 (K-28)
cos(BL)cosh(BL)~1=0 (K-29)

The roots can be found via the Newton-Raphson method, Reference 1. The first root is

BL =4.73004 (K-30)
o = BI?P (K-31)
p

2
o) [4.73004} EI (K-32)
L p

22.
o] { ;73} s (K-33)
L p
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1 22.373]| |EI
T L [

aj[cosh(BL)—cos(BL)] = —a5 [sinh(BL )+ sin(BL)]
Let ap =1
aj[cosh(BL)— cos(BL)] = ~[sinh(BL)+ sin(BL)]

.. _ —sinh(BL)—sin(BL)
cosh(BL)— cos(BL)

[ —sinh(BL)-sin(BL)
| cosh(BL)~cos(BL)

Y (x) = [cosh(Bx ) - cos(Bx )] + }[sinh(Bx)Jr sin(Bx )]

[ sinh(BL)+sin(BL)

Y0 =[eoshlpx)—cospr)]-| e o)

}[sinh(ﬁx) +sin(px)]

The un-normalized mode shape for a fixed-fixed beam is

Y (x) = [cosh(Bp x) = cos(Bp x)] - oy [sinh(By x)—sin(B,x)]

where

_ | sinh(BL)+sin(BL)

o ‘Losm)—comﬂ
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(K-34)

(K-35)

(K-36)

(K-37)

(K-38)

(K-39)

(K-40)

(K-41)

(K-42)



The eigenvalues are

n BnL

1 4.73004
2 7.85321
3 10.9956
4 14.13717
5 17.27876

Forn>5
1
B,L=mn 5 +n

Normalized Figenvectors

Mass normalize the eigenvectors as follows

L
-[O pYnz(x)dx =1
The mass normalization is satisfied by

Y, (x) = ——{[cosh(B,, x) - cos(B, x)] - &, [sinh(B, x)—sin(B, x)] }

%"H
—

where

_ | sinh(BL)+sin(BL)

o ‘Loswsm—com)}
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(K-43)

(K-44)

(K-45)

(K-46)



The first derivative is

d

The second derivative is

d2
dx

Participation Factors

The participation factors for constant mass density are

L
I, = p_[o Y, (x)dx

I'n =ﬁfOL{[008h(Bn X)_COS(Bn X)]_Gn [Sinh(Bn X)_Sin(Bn x)]}dx

o = 5 {sion(Ba ) sina ) -on coshn x)+cofpax g

Lo =5 Asih(Ba L) sinBa L)] -0 [eosh(By L)+ cosBy L+ 20, )

o =5 sinh(By L) sinBo L)} o [2 —cost(By L) —cosBa L)}

62

dx Yn(x)= ﬁ { Bn [Sinh(f’n X)"’ Sin(ﬁn X)]_ SnPn [COSh(Bn X) - COS(Bn X)] }

(K-47)

1 . .
_2Yn (x) = E {an [COSh(Bn X)+ COS(Bn X)]_ On an [Smh(Bn X)+ sm(Bn X)] }

(K-48)

(K-49)

(K-50)

(K-51)

(K-52)

(K-53)



The participation factors from a numerical calculation are

I =0.8309,/pL (K-54)
Iy =0 (K-55)
I'3 =0.3638,/pL (K-56)
I, =0 (K-57)
I's =0.2315,/pL (K-58)

The participation factors are non-dimensional.

Wave Speed

The bending phase speed ¢, is

EI
cp = Bu\|— (K-59)
p
Table K-3. Fixed-Fixed Beam Bending Phase Speed
n BHL Cp
4.73004
1 4.73004 3 JEU/p
7.85320
2 7.85320 3 JEI/p
10.9956
3 10.9956 3 J El/p
14.13717
5 14.13717 T»\i El/p
1 1
n>6 n{n—z} %[n——} El/p

Note: the root value formula for n > 6 is approximate.
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APPENDIX L

Beam Fixed — Pinned

Consider a fixed — pinned beam as shown in Figure L-1.

ELp

ANNNN

Figure L-1.

Recall that the governing differential equation is

64y 82y
Ox ot

The spatial solution is

Y(x)=a sinh(Bx) +an cosh(Bx) +aj3 sin(BX) +aq cos(BX)

dY(x)
dx

=af cosh(Bx) +anP sinh(Bx) +a3p cos(Bx) —ayfP sin(Bx)

2
T = agp? sin(Bx) a6 cosh(px) —a3p? sin(px) ~ap cos(px)

dx

The boundary conditions at the left end x = 0 are

Y(0)=0 (zero displacement)

64

(L-T)

(L-2)

(L-3)

(L-4)

(L-5)



dY(x)

=0 (zero slope)
dx -0

The boundary conditions at the right end x = L are

Y(L)=0 (zero displacement)
4’y .

5 =0 (zero bending moment)
dx <=L

Apply boundary condition (L-5).

ar+ayg =0

aq =-ap

Apply boundary condition (L-6).
a;j+az3 =0
a3 =-aj

Apply the left boundary results to the displacement function.
Y (x) = aj[sinh(Bx ) sin(Bx )]+ a5 [cosh(Bx ) — cos(Bx )]
Apply boundary condition (L-7).

aj[sinh(BL)—sin(BL)]+ a5 [cosh(BL) - cos(BL)] = 0
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(L-6)

(L-7)

(L-8)

(L-9)

(L-10)

(L-11)

(L-12)

(L-13)

(L-14)



Apply the left boundary results to the second derivative of the displacement function.

2
47Yk) Ygx) = 31B2 [sinh(Bx)+ sin(Bx)]+ a2B2 [cosh(Bx)+ cos(Bx)] (L-15)

dx
Apply boundary condition (L-7).
alﬁz [sinh(BL)+sin(BL)|+a 2B2 [cosh(BL)+ cos(BL)] =0 (L-16)

aj[sinh(BL)+ sin(BL)|+ a5 [cosh(BL)+ cos(BL)| = 0 (L-17)

sinh(BL)—sin(BL) cosh(BL)—cos(BL)]a; ] [0

Linh(BL)Jr sin(BL) cosh(BL)+ cos(BL)Lj - M (-18)
sinh(BL)—sin(BL) cosh(BL)—cos(BL) 3 )

detLinh(BL)Jrsin(BL) cosh(BL)+cos(BL)}0 @-19)

[sinh(BL) - sin(BL)[cosh(BL )+ cos(BL)] - [sinh(BL) + sin(BL )[cosh(BL ) - cos(BL)] = 0

(L-20)

sinh(BL)cosh(BL)+ sinh(BL)cos(BL)—sin(BL)cosh(BL) - sin(BL )cos(BL)
—sinh(BL)cosh(BL)+ sinh(BL)cos(BL) - sin(BL)cosh(BL)+ sin(BL )cos(BL) = 0
(L-21)

2sinh(BL)cos(BL)—2sin(BL)cosh(BL) =0 (L-22)
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sinh(BL)cos(BL)—sin(BL)cosh(BL) =0 (L-23)

tanh(BL) - tan(BL)= 0 (L-24)

The eigenvalues are

n BnL

3.9266
7.0686
10.2102
13.3518
16.4934

—

[, T I "N B US I B O]

1
For n>5, BoL=mn (n + Zj (L-25)

oo — g [sinh(BL)+sin(BL)]
2 ! [cosh(BL)+ cos(BL)]

(L-26)

The unscaled eigenvector is

Y@ﬁmﬁﬁm«x»aamn—Eﬁﬁﬂjiﬁﬁ%wmm@—wﬂk% ©27)

The mass-normalized eigenvector is

Y(x)=

1 inh(px)—sin(px )| [sinh(BL) + sin(BL)] cosh(PBx)—cos(px -
)i - P B s o] 2
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Participation Factors

The participation factors for constant mass density are

L
Iy =pf, Ya(x)dx

ry —% f Tsinh(B, )~ sin(Bn )]~ o [eos(Byx)—cos(pn x
o — [smh(BL)+sm(BL)]
t [cosh(BL)+ cos(BL)]

n = Bln P {[cosh(Bpx)+cosBn x)] - o [sinh(Bn x)— sin(Bo x)] -

I, = Bln P ([eosh(By L)+ cos(By L)] - o [sinh(B L) sin(B L)] - 2}

RS

Bn P{[ 2+c05h([3n )"‘COS(BnL)]_Gn[Sinh(BnL)_Sin( HL)]}

n

The participation factors from a numerical calculation are

I =-0.8593,/pL
I, =-0.0826/pL
I3 =-0.3344,/pL
4 =-0.2070,/pL
I's =-0.0298,/pL

The participation factors are non-dimensional.
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Wave Speed

The bending phase speed ¢, is

El
= B _
p n p
Table L-2. Fixed-Pinned Beam Bending Phase Speed
n BHL Cp
3.9266
1 3.9266 T“/ El/p
7.0686
2 7.0686 T"/ El/p
10.2102
3 10.2102 3 JEI/p
133518
4 13.3518 3 JEI/p
16.4934
5 16.4934 3 JEI/p
1 s 1
n>6 n(m_J Mns= |Ep
4 L

Note: the root value formula for n > 6 is approximation.
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Wavenumber and Phase Speed

The natural frequency o, is

/EI
O, = an —
p

Let cp be the phase speed
®
Cp=—+
Pn
C, = ®n

APPENDIX M
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An alternate form is

> |EI
o, P o EI
Bn P P
The modal wavelength is
2n 2n
Ay = = (M-8)

E 0 1/4
Jor | 2]
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APPENDIX N

Honeycomb Sandwich Beam

Top Skin —_—

Core —>

Bottom Skin

-
—

:r—b‘—

s

Figure M-1.
Symbol Description Units
X Spatial coordinate along beam length m
t Time sec
L Beam span (distance between simple m
supports)
y(x,t)  Transverse deflection of the beam m
Y, (%) nth spatial eigenfunction (mode shape) -
T(t) Modal time function -
n Mode number (n = 1,2,3, ...) -
By Spatial eigenvalue for mode n rad/m
Wy Natural circular frequency of mode n rad/s
f, Natural frequency of mode n Hz
(ED).or Egaerf;clve bending rigidity of sandwich N-m2
m’ Effective mass per unit length of sandwich ke/m
beam
b Beam (panel) width m
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Symbol Description Units

te Honeycomb core thickness m
te Facesheet thickness (single facesheet) m
E¢ Facesheet Young’s modulus Pa

Core effective Young’s modulus (through-

Ec thickness) Pa
Pf Facesheet material density kg/m3
Pe Core material density kg/m3
I; Second moment of area of component i m*
The effective mass per unit length is
Mg = b(2pstetpcte) (N-1)

The effective bending stiffness is obtained by summing E;l; about the neutral axis (at the
mid-plane for a symmetric layup):

Y te | tp)\ bt
(El)eff = 2E¢ [ﬁ +btf (7C + 7) + E. E (N—Z)

The common “thick core, thin faces” case (ty < t. and typically E, < Ef), the stiffness is
dominated by the facesheet separation (the “sandwich effect”), so a useful approximation
is

te + tf>2 E¢b tet?

5 5 (N-3)

(EDegr = ZEfbtf(

The governing equation of motion for Bernoulli-Euler beam bending is
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o'yt |, P&

(EDegf Toxt T Meft —pz

The mass-normalized eigenvector for simply-supported boundary conditions is

2 _/MTX
Y, (x) = lméffL sm( 7 ), n=123,..

The angular natural frequency is

, [(EDege  (m?m*\ [(EDege
wy = Ba T 2 7
Mg L Mg

The natural frequency is

=&=nz—1—[ (El)eff n=123
"Tom T 212 mly
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